Higher order sound sources of Nth order can radiate sound with 2N þ 1 orthogonal radiation patterns, which can be represented as phase modes or, equivalently, amplitude modes. This paper shows that each phase mode response produces a spiral wave front with a different spiral rate, and therefore a different direction of arrival of sound. Hence, for a given receiver position a higher order source is equivalent to a linear array of 2N þ 1 monopole sources. This interpretation suggests performance similar to a circular array of higher order sources can be produced by an array of sources, each of which consists of a line array having monopoles at the apparent source locations of the corresponding phase modes. Simulations of higher order arrays and arrays of equivalent line sources are presented. It is shown that the interior fields produced by the two arrays are essentially the same, but that the exterior fields differ because the higher order sources produces different equivalent source locations for field positions outside the array. This work provides an explanation of the fact that an array of L Nth order sources can reproduce sound fields whose accuracy approaches the performance of (2N þ 1)L monopoles.
I. INTRODUCTION
Recently it has been shown that loudspeakers which can radiate sound with multiple radiation patterns, known as higher-order (HO) loudspeakers, can produce improved sound reproduction over monopole loudspeakers.
1,2 While higher-order loudspeakers require the use of multiple drivers, a small number of HO units is more convenient and easier to position in a room than a large number of single-driver (or woofer-tweeter) loudspeakers.
A 2D higher-order loudspeaker of order N produces 2N þ 1 modes of sound radiation with azimuthal phase mode responses of the form exp(in/) or, equivalently, amplitude mode responses of the form cos(n/) and sin(n/) for integers n and angle /. 3, 4 A circular array of Nth-order loudspeakers can reproduce sound accurately up to the spatial Nyquist frequency of the array (defined as the frequency where reproduction of a sound field is accurate throughout the interior of the array), and this value approaches 2N þ 1 times the spatial Nyquist frequency of an equal number of monopole loudspeakers. This claim was verified by simulations in Ref. 2 .
If higher-order loudspeakers are used in a semireverberant room, then calibration using a higher-order microphone may be used to compensate for the effects of reverberation. In this case the loudspeakers can direct sound from the room surfaces and achieve better reproduction than would be produced in the free-field case. 5, 6 The reflections from the wall surfaces provided more direction of arrival of sound, increasing the diversity of the reproduction environment.
A limitation of higher order loudspeakers in the freefield case is that they cannot provide an improvement in sound reproduction accuracy if the loudspeakers are at large distances from the listener. This is easily seen because for large distances, the sound fields produced at the origin by an array of higher order loudspeakers are planar and cannot produce results which are different from an array of monopole loudspeakers at the same distance. In practice, of course, the loudspeakers are always relatively close to the listener and the 2N þ 1 improvement can be approximated, particularly when in a semi-reverberant room. However, the accuracy of reproduction in the free-field case will depend on the distance to the loudspeakers. This paper undertakes a more detailed investigation of the behavior of higher order loudspeakers, in order to better understand the mechanism by which they produce an increase in reproduction accuracy. It is shown that each phase mode of the higher order loudspeaker produces wave fronts which form a spiral. Transducers producing first order spiral fields have been recently developed for use in underwater bearing estimation. [7] [8] [9] This idea is extended to the general case and it is shown that for a given position in space, each spiral wave front appears to come from a different source position. Hence, for free-field reproduction within a circular array of higher order sources each Nth order speaker is similar in performance to an array of 2N þ 1 point sources, a) Author to whom correspondence should be addressed. Electronic mail:
mark.poletti@callaghaninnovation.govt.nz with positions governed by the wave front curvature of each higher order phase mode. For simplicity the 2D case is considered, as in previous work. However the properties of a 3D spherical higher order source are also considered and it is shown that, in the case of 2D reproduction in a plane, the phase mode properties of 3D sources are the same as for 2D sources. The investigation is restricted to the creation of interior sound fields without attempting to cancel the exterior field. In this paper a time dependency of exp ixt ð Þ is assumed.
II. EQUIVALENT SOURCE DESCRIPTION OF HIGHER ORDER LOUDSPEAKERS
It is now shown that the higher order modes produce an equivalent monopole source at a position defined by the wavelength and the mode order.
A. 2D higher order sources
The solution to the wave equation in polar coordinates r; / ð Þfor a region r > r 0 exterior to any sound sources is
where B n k ð Þ is the nth exterior sound field expansion coefficient,
ð Þ is the nth order Hankel function of the second kind, k ¼ x=c is the wave number, and c is the speed of sound.
Consider a source at the origin, of radius R, with a radial velocity which can be written
where N is the order of the expansion and a n is the Fourier series coefficient of the nth term. By requiring that the radial velocity of the general expression in Eq. (1) equals the surface velocity Eq. (2) at r ¼ R, it can be shown that the 2D exterior field has the form
The sound field is a sum of 2N þ 1 terms, and the sound source is referred to as an Nth order source. Each term is known as a phase mode, 3 and its frequency-dependent amplitude and phase are governed by the Hankel function H n kr ð Þ and the Hankel function derivative H 0 n kR ð Þ. Since each mode can be independently controlled, the source can be equalized in such a way to produce frequencyindependent polar responses over a finite frequency range. The nth term in Eq. (3) has the general form
where b n is a constant. The Hankel function has the form 11
where O z Àp ð Þ has a magnitude of order z Àp as z tends to infinity.
For 2kr ) 1 this can be approximated as
The derivative of the Hankel function, H 0 n kR ð Þ, governs the response of the nth phase mode with frequency. It does not vary with radius r and so is a constant complex number for a given wave number k and source radius R. In typical applications the nth mode response would be equalized, and therefore the phase of H 0 n kR ð Þ may be ignored. The constant i nþ1=2 may also be ignored, by the same argument.
The sound field of the nth phase mode is therefore, for distances r ) 1= 2k ð Þ, of the general form p E;n r; /; k ð Þ¼ c n e i n/Àkr ð Þ ; r > R;
where c n is a constant, and the phase of the nth mode field varies with radius r and azimuth /, as
The phase is zero for r ¼ n/=k, which is the definition of an Archimedes spiral. 12 Hence the wave front where the phase is zero is of the form of an Archimedes spiral. More precisely, the spatial component of the sound field produced by the nth phase mode has n loci along which the phase is zero. These are given by the condition n/ À kr þ l2p ¼ 0 for l 2 0; n À 1 ½ and define Archimedes spiralsr l / ð Þ ¼ x l / ð Þ; ð y l / ð ÞÞ with x and y coordinates
The gradient of the curve with respect to / is the tangent to the wave front,
, is then the negative of the direction of propagation, with components
For a given field position (x,y), the normal to the wave front points towards the source position of a monopole which would produce the same wave front. For simplicity a point on the x axis is assumed. The normal vector at zero phase on the x axis, for positive x values, occurs for / þ l2p=n ¼ v2p, for integers v. The normal is, for these cases,
Hence, for positive x values the wave fronts from the nth mode appear to originate from a point on the y axis equal to
Note that the distance relative to the wavelength, k, is a constant,
The corresponding angle of the nth source from the x axis is
In general, for a field position at angle / 0 the equivalent source position is
which is rotated 90 from the field angle and is at a distance n/k from the center of the source. This behavior is shown in Figs. 1 and 2 , where the real part of the first and second order modes for a source of radius R ¼ 0.25 m are shown. Figure 1 shows the field due to a first order source. The normals to the spiral wave fronts are drawn for three values of x. The equivalent source distance from the origin is y n ¼ 0.108 m, shown as a circle in Fig. 1 . The normals all converge on the equivalent source position. The equivalent source positions for sources on the negative x axis are at y n ¼ À0.108 m, showing that the equivalent source position depends on the field position. Figure 2 shows the field for a second order source. The apparent source distance is a larger value of y n ¼ 0.216 m, slightly less than the source radius R. The three normals again converge on the equivalent source position.
Equation (14) suggests that at low frequencies the source position distances from the center of the loudspeaker are greater than the radius R. While this is true, the magnitudes of the source is given by the magnitude of Eq. (4). These are shown in Fig. 3 .
1 The magnitudes roll-off below the "activation" frequency given by kR ¼ n, or
shown as circles in Fig. 3 . Since n ¼ kR defines the activation frequency, and n ¼ y n k defines the lateral source position, the nth source distance y n equals the loudspeaker radius at the mode activation frequency. For frequencies lower than f n , the source distance is greater than R, but the magnitude of the response rapidly reduces, particularly for higher orders. Hence, it is not physically possible to position a source at large distances from the loudspeaker that also produces significant sound pressure. The mode activation frequency was 217 Hz in Fig. 1 and the equivalent monopole source position is y ¼ 0.1 m, nearly half the speaker radius. In Fig. 2 the activation frequency is 433 Hz which is close to the source frequency, and the source position is 0.22 m, near the edge of the loudspeaker. Applying the analysis above to a surround sound system, it can be said that a higher order loudspeaker at a distance r L from the origin, and at angle / l , producing 2N þ 1 modes, behaves as a line array of 2N þ 1 monopole sources at radii r L with distances from the speaker center, tangent to the speaker radius, given by 
and source angles given by
where the magnitudes of each source reduce for distances greater than the source radius, i.e., below the corresponding activation frequency.
C. 3D higher order sources
It will now be shown that 3D higher order sources display the same equivalent monopole source positions as 2D sources.
The solution to the wave equation in spherical coordinates r; h; / ð Þfor a region r > r 0 exterior to any sound sources is
where h n (x) is the spherical Hankel function of the second kind, 10 and the spherical harmonics are defined as
where P n m Á ð Þ is the associated Legendre function. 10 Consider a sphere of radius R vibrating with surface velocity
Following the same procedure as for the 2D case, it may be shown that the exterior field has the general form [14] [15] [16] [17] [18] 
The (n,m)th mode then has the form
where c m n is a constant. The spherical Hankel function has the form
For 2kr ) 1 the sound pressure is approximated by aperture in z. For non-sectorial modes, the response in elevation is more complex with peaks and nulls governed by the associated Legendre function P jmj n cos h ð Þ . Such responses can be produced by a line array of monopoles with suitable weightings.
In summary, for reproduction in the (x,y) plane the equivalent monopole source position is the same as for the 2D case, but in general a monopole array in z, positioned in the (x,y) plane according to Eq. (17), and implementing a polar response in elevation equal to an associated Legendre function, provides a more accurate description.
In general, the spherical harmonic description of a source is equivalent to a multipole expansion. 10 The model described here is an alternative that is simpler for modeling reproduction in the 2D case, and which produces a different equivalent source position for each field position.
III. COMPARISON OF HIGHER ORDER SOURCES WITH EQUIVALENT LINE ARRAYS
The previous section has shown that for 2D reproduction, an Nth order source is equivalent to 2N þ 1 monopole sources with frequency-dependent source positions and magnitudes. Therefore a circular array of higher order sources is similar to a circular array of line arrays of 2N þ 1 sources. Along the radial line from the origin to each higher order source, the corresponding equivalent monopole sources appear to be positioned tangential to the circle and centered at the higher order source position. Therefore, in free-field conditions, and for field positions that are not too close to the loudspeakers, the sound reproduction performance of an array of L higher order sources should be similar to that of a circular array of L sources, each consisting of a line array of 2N þ 1 monopoles. However, since the position of the equivalent monopoles varies with field position, the sound fields produced by the two arrays will differ for field positions close to the loudspeakers. Furthermore, for positions exterior to the array, the positions of the sources for higher order speakers close to the field position will be reversed, while those from the far side of the array will have the same positions. Hence, the exterior field produced by a higher order array will differ from that of a fixed array of line arrays.
To investigate this, numerical simulations of 2D sound reproduction using both higher order sources and line arrays of monopoles are carried out. A brief outline of the method for determining the higher order source weightings is given here. Further details are given in Ref. 1.
A. Array of higher order sources
The desired sound field is a 2D interior sound field which has the general expansion 
where J m Á ð Þ is the mth cylindrical Bessel function and A m k ð Þ is the mth sound field expansion coefficient. The expansion may be limited to order
where e ¼ exp(1) ¼ 2.718, for a given k and r.
19,20
The interior field is approximated using L Nth order sources at radius r L and positioned at equally spaced angles / l ¼ l2p=L; l 2 0; L À 1 ½ . The interior sound field, for r < r L , due to the nth mode of radiation of the lth higher order source is represented using the cylindrical addition theorem 11 p n;l r; /; r L / l ; k ð Þ¼ H n kr 0 ð Þe
where the angle v l is defined in Fig. 4 . The sum of all L 2N þ 1 ð Þfields of the form of Eq. (4), weighted by complex amplitudes w n;l , then has the form
Equating this approximated field to Eq. (28) produces the mode matching equations
This equation may be written in matrix form
Hw ¼ a;
where H is a 2M þ 1 by (2N þ 1)L matrix, w is a (2N þ 1)L by one vector of weights, and a is a 2M þ 1 vector of interior coefficients.
FIG. 4. Geometry for addition theorem.
It has been shown that solutions to Eq. (32) are more robust if the number of modes is limited so that 2M þ 1
Þwhere w < 1, and using Eq. (29) with r ¼ r L , the approximate spatial Nyquist frequency of the array is found to be
The weights may then be determined from Eq. (33) as
where I is the 2M þ 1 by 2M þ 1 identity matrix. For r ¼ 0 this is the minimum energy solution and r can be used to reduce the weight solutions for cases where H has small singular values. In the simulations to be presented below, r was set to a fraction e ¼ 1e -4 of the squared maximum singular value of H.
B. Array of line arrays
Each higher order source at angle / l is equivalent to 2N þ 1 monopoles at angles given by Eq. (20) . A circular array of L(2N þ 1) monopoles with each array of 2N þ 1 monopoles centered at / l and with the monopole angles given by Eq. (20) is therefore equivalent to the higher order source array. It will be assumed, for simplicity, that all monopoles are at the radius r L , so that each line array has a small amount of curvature. The sound field produced by each monopole source has the form of Eq. (4) with n ¼ 0.
For correct reproduction the sound field produced by the sum of the fields produced by all L(2N þ 1) monopoles, weighted by complex amplitudes q n,l must equal Eq. (28). Each monopole sound field is given by Eq. (4) for n ¼ 0 and b 0 ¼ 1 and can be expressed at an arbitrary source position using the cylindrical addition theorem. 11 The resulting mode matching equations are
This can be put in matrix form
where G is a 2M þ 1 by (2N þ 1)L matrix and q is a (2N þ 1)L by one vector of weights. The solution is then
where d is set to e ¼ 1e -4 times the maximum squared singular value of G. Since the array of line sources has the same number of equivalent sources, the spatial Nyquist frequency of the array will be the same as Eq. (34).
C. Simulations
The desired sound field is that produced by a monopole source with sound field coefficients Sound reproduction is possible over a region r max is possible if the number of loudspeaker sources exceeds the number of modes that are active within that region. From Eq. (29), the radius of accurate reproduction is then
The error in the reproduced field is defined here as
wherep I r; /; k ð Þis the sound field produced by the (higherorder or line-array) loudspeaker array and p I 0; k ð Þ is the sound pressure due to the desired monopole source at the origin. The error was approximately constant within r max and so the accuracy will be quantified by the error within r max in dB.
The first simulation is for reproduction at 250 Hz, well below the spatial Nyquist frequency. This frequency is also below the activation frequency of the second order modes (433 Hz). The array geometries are shown in Fig. 5 . Because the source frequency is below the second order activation frequency, the second order source locations are outside the speaker radius, and the second order mode response is about À7 dB in Fig. 3 . The effective radius of the line array from Eq. (14) although the 7 dB reduction may result in slightly lower performance than an actual line array of monopoles because the loudspeaker weight solutions must compensate for this reduction.
The line array and higher order fields are shown in Figs. 6 and 7 for a source radius of 5 m and a worst-case source angle of 12 , halfway between speakers. The higher order array mode matrix H has a condition number of 49.6 and the line array matrix G condition number is 20.3. The maximum radius of reproduction from Eq. (40) is 4.4 m which exceeds the loudspeaker radius and so the field is accurate for all regions inside the loudspeaker array. The line array produces an error of around À30 dB and the higher order speakers produce approximately À15 dB. This reduction in accuracy is due to the higher condition number of the matrix H, which is probably due to the equivalent monopole sources of the second order phase modes lying outside the speaker radius, with a lower excitation magnitude.
The line arrays produce a continuous locus of wave fronts which is similar to those produced by a regular array of monopoles (see, for example, Figs. 2 and 5 in Ref. 21) . The array approximates a single layer potential whose exterior field is equivalently produced by the scattering of the desired field from a pressure release surface at the boundary. 22 The higher order array produces a lower exterior field for angles near the source angle. This occurs because, as explained above, the higher order apparent source positions are reversed for exterior points. In Fig. 7 the far-field polar response of each higher order source is superimposed on each source, and the two higher-order sources closest to the desired source angle demonstrate a cardioid-like radiation pattern, confirming that the exterior radiation is lower than the interior.
The second simulation is for a source frequency of 800 Hz, which is above the second order activation frequency (433 Hz), but is also well above the spatial Nyquist frequency (367 Hz). The array geometries are shown in The two reproduced fields within the arrays are remarkably similar, showing that the monopole array is equivalent to the higher order source for interior sound field reproduction. There are, however, differences between the interior fields for radii close to the loudspeaker radius r L , where the higher order apparent source positions start to differ significantly from the assumed line array source positions.
The exterior wave fields are more similar than in the previous case, since both arrays are producing spatial aliasing effects, but the higher order array amplitudes are slightly greater, and the interference is more complicated for angles close to the source angle. Generally, the exterior field with the higher order sources tends to demonstrate greater fluctuations, and this is believed to be due to the fact that the source positions are reversed for exterior field positions, and so while the sum of these sources produces the desired field near the origin, the larger phase differences with distance above the spatial Nyquist frequency produce greater fluctuations outside the array.
Finally the sound field produced at 800 Hz by an array of L(2N þ 1) ¼ 75 equally spaced monopoles is shown in Fig. 11 , to allow comparison with the equivalent higher order source array in Fig. 9 . The mode matrix G has a reduced condition number of 1.1 and the sound field demonstrates correspondingly less interference, and while the area of accurate reconstruction is similar to that of Fig. 9 , the accuracy of reconstruction is better, with a mean error below À40 dB.
IV. CONCLUSIONS
This paper has shown that a higher order loudspeaker produces phase modes with lines of constant phase that approach an Archimedes spiral. As a result, each mode appears to originate from a different source position, and hence an Nth order source can be viewed as 2N þ 1 monopole sources, where the source positions depend on the wavelength, the phase mode order and the field position. Hence, while a higher order source has a physical radius R, it behaves in practice as if it had an aperture governed by the highest order it can radiate at a given frequency, which is frequency dependent. In practice the effective aperture tends to oscillate about 2R since the aperture width of the equivalent monopole sources at a given order reduces with frequency, but at higher frequencies higher orders can be radiated to increase the aperture back to 2R.
Simulations have shown that an array of sources, each of which consists of a line array with sources that match the apparent phase mode source positions, produces an interior field very similar to the higher order source field. However, since the higher order source positions vary with field position, the field close to the loudspeakers, and the exterior sound fields, differ. For frequencies below the spatial Nyquist frequency, the higher order sources tend to produce a lower exterior sound field "upstream" of the direction of propagation, i.e. for angles near the source angle. However, above the spatial Nyquist frequency the higher order array can produce larger amplitudes because the equivalent source positions reverse for exterior field points.
For the reproduction of interior sound fields in free-field conditions, where the room is acoustically treated to reduce wall reflections, a set of L rectangular loudspeakers, each of which is frontally mounted with a single woofer and a line array of 2N þ 1 tweeters will produce similar performance to L higher order sources constructed using a circular array of (typically more than 2N þ 1) drivers. Such line array devices have been developed for commercial application using wave field synthesis. The results presented here suggest that a regular array of monopole speakers will outperform a higher order array or a non-regular array of monopoles with the same number of sources. However, such arrays require a large number of loudspeaker units which is often impractical.
Higher order sources are able to create equivalent source positions that lie slightly outside the speaker radius, at a reduced but still useful amplitude. The solutions in such cases are not as well-conditioned, but it is thought that the outer sources make some useful contribution to the reproduced field.
The line array equivalent source model gives some insight into the derivation of the spatial Nyquist frequency. If the higher order equivalent sources formed a regular array, the spatial Nyquist frequency would be well-defined and equal to 2N þ 1 times the monopole case. However, the equivalent source positions of the higher-order sources reduce with increasing frequency and it is difficult to accurately determine the Nyquist frequency. The result in Eq. (32) gives an approximate value derived from a consideration of the modal dimensionality of the sound field, and which requires an empirical factor b < 1. Currently no better derivation is known to the authors.
While the equivalent source position radii reduce as the frequency rises, the radii relative to the wavelength are constant. This gives an alternative interpretation of the fact that higher order sources can generate frequency-independent polar responses.
Finally, for sound reproduction in reverberant rooms using calibration and reverberation-cancellation, higher order speakers offer advantages over loudspeaker units containing a line array, because they can rotate the radiated response to any angle.
